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1. Introduction
In this note we investigate the geometric and algebraic relation between two areas:
On the one hand, the study of the symmetries of geometric generators of homotopy groups: it has long been a theme
in homotopy theory to produce generators and elements of homotopy groups that are “nice” with respect to symmetry and
geometric properties (e.g. [4], and, for more recent results, [16] and the references therein). On the other hand, we have the
construction of deformations of diffeomorphisms, or the non-existence of such, i.e., orientation-preserving diffeomorphisms
in different isotopy classes, which give rise for example to exotic spheres [5,12]. Let us note that both areas have important
applications in physics, [13] for geometric generators of homotopy groups, and [3] for exotic phenomena.
Concretely, consider the following setup: a Lie group G acting on a manifold M; from now on we endow G with the
conjugation action on itself. Then let S(M,G)G denote the set of equivariant maps α :M → G , and let S(M) be the set
of smooth self maps of M . Note that both of these spaces have algebraic structure: S(M,G)G is a group under pointwise
multiplication (note that this happens because the G-action on G is by conjugation), and S(M) has the structure of a monoid
with multiplication given by composition; the subset Diff(M) ⊂ S(M) of diffeomorphisms of M is a group under the same
operation.
Consider now the map
R : S(M,G)G → S(M)
given by R(α)(x) := αˆ(x) := α(x) · x. We call αˆ the equivariant reentrance associated to α.
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notation, we use the same names for the induced map [M,G]G → [M,M], where the brackets denote homotopy classes and
the G superscript denotes the equivariance.
We have
Theorem 1.1. The image of R falls into the group of diffeomorphisms of M; furthermore, the equivariant reentrance process provides a
group anti-homomorphism R : [M,G]G → π0 Diff(M).
Thus the equivariant deformations correspond to deformations of diffeomorphisms, and we shall see that we can detect
different isotopy classes of diffeomorphisms via the corresponding equivariant homotopy classes of maps M → G . We shall
give non-trivial examples and applications in Sections 3 and 4.
2. Equivariant reentrances
The main result 1.1 actually reduces to the following computation: consider α,β ∈ S(M,G)G . Then let us compute:
αˆ ◦ βˆ(x) = α(β(x) · x) · (β(x) · x)
= (β(x)α(x)β(x)−1) · (β(x) · x) by equivariance
= (β(x)α(x)) · β(x)−1 · β(x) · x by the group action property
= β(x)α(x) · x = β̂α(x) · (x).
This in particular implies that αˆ has an inverse α̂−1.
Consider now a one parameter family αt :M → G of differentiable maps. If this deformation satisﬁes the equivariance
property for all t , then the one parameter family α̂t of reentrances of M is through diffeomorphisms by the previous com-
putation, and it passes through the quotient furnishing a map R : [M,G]G → π0 Diff(M). We shall see in Section 4 that
sometimes a deformation through reentrances is guaranteed to fail, that is, the map α̂t must cease to be a diffeomorphism
at some point in the parameter t (of course in this case the deformation is not equivariant).
We now endow the reentrance construction with an additional structure: suppose that in addition to the data in Theo-
rem 1.1, we have an involution δ : M → M . Then we have
Theorem 2.1. Let M be a G-manifold, α :M → G an equivariant map. If in addition there is an involution δ of M such that α(δ(m)) =
α−1(m), and δ commutes with the G-action (thus producing a G × Z2-action on M), then the reentrance δ ◦ αˆ is another involution
of M.
Proof. Compute:
δαˆ
(
δαˆ(m)
)= δαˆ(δ(α(m) ·m))
= δ[α(δ(α(m) ·m)) · (δα(m) ·m)]
= δ[α−1(α(m) ·m) · (δα(m) ·m)], by the equivariance of δ
= δ[α−1(m) · (δα(m) ·m)], by the G-equivariance of α
= δδ[α−1(m) · (α(m) ·m)], since α and δ commute
=m, by δ2 = 1 and the group action property. 
Let us also note that the diffeomorphisms given by the equivariant reentrance process are themselves equivariant: we
have
αˆ(g · x) = α(g · x) · gx = gα(x)g−1 · (g · x) = g · α(x) · x = g · αˆ(x).
As we shall remark with more precision in Section 5, the equivariant reentrance walks a ﬁne line: on the one hand,
the diffeomorphisms produced are automatically G-equivariant; on the other hand, in order to produce interesting results,
G cannot be too big compared to M , since we do not want these diffeomorphisms to be too equivariant.
3. An example: Blakers–Massey elements and exotic diffeomorphisms
In this section we provide a non-trivial example of equivariant reentrance; in fact the example motivates this paper,
which is an abstraction of the principles used in our previous works in the hope of systematizing it; the basic reference for
this section is mainly [6], and also [1,5,7].
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S6 = {(p,w) ∈ H × H | Re(p) = 0, |p|2 + |w|2 = 1},
where H denotes the quaternions. Deﬁne b : S6 → S3 by
b(p,w) =
{ w
|w| e
π p w¯
|w| , w = 0,
−1, w = 0,
where ex = cos(|x|) + sin(|x|) x|x| denotes the exponential map of the Lie group S3 of unit quaternions. The map b, which
is a priori not even continuous at points of the form (p,0), is in fact analytic, and it generates π6(S3) ∼= Z12 [11,23]. This
concrete map b is a fundamental building block of exotic maps (degree one diffeomorphisms of spheres not isotopic to the
identity), and free involutions not conjugate to the antipodal map; deﬁne
σ(p,w) = (b(p,w)pb(p,w)−1,b(p,w)pb(p,w)−1)
then σ : S6 → S6 is a degree one diffeomorphism not isotopic to the identity, and is a generator of the groups Γ7 ∼= Z28 of
isotopy classes orientation-preserving diffeomorphisms of S6 (which is the same as the group of differentiable structures
on S7, [12]). The map σ k represents k ∈ Z28, and thus in particular any diffeomorphism of S6 can be deformed to σ k for
inﬁnitely many k. Two maps σ k and σ  are isotopic to each other if and only if k ≡  mod 28, however let us remark that
no explicit isotopy is known between σ k and σ k+28r , r = 0.
It is easy to see how these maps ﬁt into the reentrance framework: the Blakers–Massey element (and all of its powers),
being analytic in the quaternionic variables (p,w), is equivariant with respect to the SO(3) ∼= S3/ ± 1 action induced by
conjugation, q · (p,w) = (qpq¯,qwq¯). Then SO(3) acts in S6 by diagonally embedding it in SO(7) with a 1 in the middle i.e.,
	(T ) =
( T 0 0
0 1 0
0 0 T
)
.
Note that the image of B falls into a subgroup of SO(7) that is isomorphic to SO(3). Then we are in the setup of Theorem 1.1:
B : S6 → SO(3) is equivariant with respect to the conjugation action of SO(3) on itself, and σ can be simply written as the
reentrance σ(x) = B̂(x)(x) = B(x)x, since the projection of S3 to SO(3) is realized by the standard quaternionic conjugation
q 
→ Tq , Tq(x) = qxq¯. Thus we get, in a structural way: σ is a diffeomorphism, and the powers of σ are given by σ k(x) =
Bk(x)x.
Also, σ allows the construction of exotic involutions: (p,w) 
→ −σ(p,w) is a free involution of S6 that is not conjugate
to the antipodal involution; since σ acts on (p,w) by a quaternionic conjugation, it preserves the real part of w and
thus this involution restricts to an (also exotic) involution of the S5 deﬁned by Re(w) = 0, where it has a simple pictorial
description [1,2]. Again, the fact that −σ is an involution follows immediately now by Theorem 2.1, taking δ to be the
antipodal involution of Sn and α the Blakers–Massey element, since b(−p,−w) = b(p,w).
4. Applications
4.1. Deformations of diffeomorphisms and involutions
As mentioned in Section 2, the equivariant reentrance technique provides a “canonical” way of deforming diffeomor-
phisms αˆ(m) through equivariant deformations of the corresponding maps α. We will use this technique to deform the
diffeomorphisms σ k : S6 → S6, which represent any isotopy class of diffeomorphisms of Sn , to rational maps; this could
pave the way to the algebro-geometric study of such exotic diffeomorphisms.
The steps in the deformation are as follows: we will construct a homotopy H(s, p,w) : [0,1] × S6 → S6 between the
Blakers–Massey element and a rational map; this homotopy will be equivariant for all values of the deformation parameter s.
By Theorem 1.1, the maps Ĥs : S6 → S6 will be diffeomorphisms; and therefore this procedure furnishes a deformation
between the exotic diffeomorphism σ and a rational map R , in the same isotopy class of σ and therefore also a generator
of the group Γ7. Then powers of σ representing all other isotopy classes are also taken care of by Theorem 1.1, since
Ĥks = Ĥsk = Rk .
In order to construct this deformation Hs , all we need to do is to study the structure of the formula describing the
Blakers–Massey element carefully and equivariantly. Spelling out the exponential in the Blakers–Massey element, we have
b(p,w) = cos(π |p|)+ sin(π |p|)|p|(1− |p|2)wpw¯.
The functions x 
→ sin(πx) and x 
→ x(1 − x2) are both odd, positive on (0,1) and have a zero of order 1 at x = 0 and
x = 1; therefore g(x) = sin(πx)/(x(1 − x2)) is an even, positive, differentiable function on [0,1], (in particular this explains
the analyticity of b). We will homotop g aﬃnely to the constant function 1; in order to deal with cos(π |p|), we use the
function c(x) = 1 − 4x2. The function c is the simplest even function satisfying the property that it has the same sign as
cos(πx) on [0,1].
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Hˆ(s, p,w) = Hˆs(p,w) = (1− s)b(p,w) + sr(p,w).
For any s, the map Hˆs is equivariant with respect to conjugation since b is equivariant and r is a polynomial in |p|,
p and w . Also, the expressions in |p| are all even, and therefore these maps can be written in terms of |p|2, p,w , but since
p is purely imaginary, |p|2 = −p2 and all expressions involved are analytic expressions in the non-commuting quaternionic
variables p, w and w¯ .
Rewriting Hˆ , we have
Hˆs(p,w) =
[
(1− s) cos(π |p|)+ sc(|p|)]+ [(1− s)g(|p|)+ s]wpw¯.
The sign properties of c(x) and g(x) imply that Hˆ(s, p,w) is never zero. Then H(s, p,w) = Hˆ(s, p,w)/|Hˆ(s, p,w)| fur-
nishes an equivariant homotopy between the Blakers–Massey element and the map Q : S6 → S3.
Q (p,w) = 1+ 4p
2 + wpw¯√
(1+ 4p2)2 − |w|4p2 .
Now the map R(p,w) = (Q (p,w)p Q¯ (p,w), Q (p,w)p Q¯ (p,w)) is a rational orientation-preserving diffeomorphism of
S6 that is not isotopic to the identity; its powers are rational diffeomorphisms representing all isotopy classes of diffeomor-
phisms of S6. Writing R explicitly, we have
R(p,w) =
(
(1+ 4p2 + wpw¯)p(1+ 4p2 − wpw¯)
(1+ 4p2)2 − |w|4p2 ,
(1+ 4p2 + wpw¯)w(1+ 4p2 − wpw¯)
(1+ 4p2)2 − |w|4p2
)
.
For each value s of the deformation parameter, the map Hs satisﬁes the hypothesis of Theorem 2.1 with respect to the
antipodal involution of S6. Therefore −Ĥs is a deformation of the exotic involution σ of S6, through involutions that also
restrict to S5, and, since close enough involutions are easily seen to be conjugate, these involutionas are all exotic. At the
end of the deformation we reach the involution −R(p,w), which is a rational involution of S6. Note that when restricted
to S5, deﬁned by Re(w) = 0, w¯ = −w and then the map
R(p,w) = −
(
(1+ 4p2 − wpw)p(1+ 4p2 + wpw)
(1+ 4p2)2 − w4p2 ,
(1+ 4p2 − wpw)w(1+ 4p2 + wpw)
(1+ 4p2)2 − w4p2
)
is an exotic involution of S5 deﬁned by a rational map in the non-commuting quaternionic variables p and w .
Let us remark that deforming α through plain (not necessarily equivariant) homotopies produces a deformation of αˆ that
is not necessarily through diffeomorphisms. We shall take advantage of this in the next item:
4.2. The equivariant Serre problem
It is know [11,23] that π6(S3) ∼= Z12. However, no explicit deformation of twelve times a generator is known. The authors
call this the Serre problem: to ﬁnd an explicit homotopy between the 12th power of the Blakers–Massey element and the
identity, or, in other terms, to understand how the quaternions are homotopy commutative in the 12 power. This problem
is still open, although signiﬁcant advances have been made recently [16]; a solution to the Serre problem has far-reaching
consequences, for example, the writing of explicit non-cancellation phenomena and new models for exotic spheres (see,
e.g., [19]). We show that, although the generator and all its powers are represented by equivariant maps, there is no equivari-
ant solution to the Serre problem (cf. Theorem 4.1). We believe that, in addition to the statement of the theorem (which can
probably be proven using standard methods of equivariant homotopy theory), the method of proof by using the relationship
between equivariant homotopy and isotopy through explicit formulas is of independent interest: an equivariant homotopy
would imply that the order of the group of homotopy 7-spheres divides 12 and we know it is isomorphic to Z28 [8,12];
therefore such a homotopy is not possible. We also extend this result to homotopies of the Blakers–Massey element inside
other groups.
Theorem 4.1. There exists no differentiable homotopy φ : [0,1] × S6 → S3 between b12 and a constant map such that for each
t ∈ [0,1], φ(t, ·) : S6 → S3 is SO (3)-equivariant.
Proof. We ﬁrst adapt the Blakers–Massey element to the proposition above, by considering lifting to S3 and considering
b : S6 → S3 as an S3-equivariant map. An SO(3) equivariant homotopy between b12 and the constant map then lifts to an
S3-equivariant homotopy bt(p,w) such that b0(p,w) = 1 and b1(p,w) = b(p,w). If such a homotopy exits, the maps
σ 12t (p,w) =
(
bt(p,w)
12pbt(p,w)
−12,bt(p,w)12pbt(p,w)−12
)
,
furnish an isotopy between σ 12 and the identity diffeomorphism. But by standard differential topology methods (see, for
example, [14]), the map φ :π0(Diff(S6)) → Γ7, φ( f ) = D7 ∪ f D7, is an isomorphism [15], where Γ7 is the group of differen-
tiable structures on S7 under the connected sum operation. Thus σ 12 represents 12 in the group Γ7 ≡ Z28 [12], and we get
a contradiction. 
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even though B12 is homotopic (inside of SO(3)) to the constant map, no equivariant homotopy can exist. Now the “Serre
problem” for all the other groups in this chain has been solved: there exist explicit generators γ of π6(SU(3)) ∼= Z6, δ of
π6(G2) ∼= Z3 and explicit homotopies between γ 6 and the constant map [16,17] and δ3 and the constant map [18]. Also
π6(SO(7)) = 0. Explicit homotopies between b and γ , δ and the constant map inside of the respective groups can be
constructed using the geometry of the chain SO(3) ⊂ SU(3) ⊂ G2 ⊂ SO(7) [16]. Thus, not only we have that b6, b3 and b are
homotopic to the constant map inside of SU(3), G2 and SO(7); explicit homotopies can be written.
Theorem 4.2. The maps b6,b3,b are homotopic to the constant map in the groups SU(3),G2,SO(7), respectively, through explicit
homotopies. However, no SO(3)-equivariant homotopy exists.
Proof. All the groups in the chain SO(3) ⊂ SU(3) ⊂ G2 ⊂ SO(7) act on S6 through the canonical action of SO(7). Mimic the
proof of Theorem 4.1 with σ 6, σ 3 and σ in place of σ 12. 
The symmetry-breaking mechanism of these homotopies is illustrated in the structure of the group π6(SU(3)) [17]: one
way of determining the structure of the homotopy of topological groups is by ﬁnding a generator A such that Ak = e,
the identity of the group; this is the way that this was done for π6(G2) ∼= Z3, by ﬁnding a generator such that A3 = e
[18]. The power map A 
→ Ak of matrices is of course equivariant under conjugation and this process provides equivariant
deformations. However, in the case of SU(3), the homotopy uses a deformation of the product of matrices through the Cartan
subalgebra of SU(3) and the symmetry is broken; see [17] for details.
5. Concluding remarks
In this paper we have constructed a map R : [M,G]G → π0 Diff(M) which is an antihomomorphism of groups. In or-
der to construct non-trivial examples beyond the ones presented here, one should compute the group (or at least the set)
[M,G]G , and more important for this purpose, construct geometrically distinguished maps representing non-trivial equiva-
lence classes. In the case M = Sn we are dealing with equivariant homotopy groups; techniques for computing such groups
are available (see [20], theme 1, and the references therein). One would also need criteria to determine the non-triviality
of the image of a given map; even with α being non-trivial in [M,G]G , its image might be trivial through non-equivariant
deformations.
We can easily discard some cases that produce trivial (i.e., isotopic to the identity) diffeomorphisms: Let us restrict
ourselves now to the case of equivariant reentrances for maps α : Sn → G . As we remarked in Section 2, the diffeomorphisms
resulting from equivariant reentrance are automatically G-equivariant. Assume that the action of G is effective and that it
extends to the disk Dn+1 (such is the case, for example, of linear actions; note that the action of SO(3) on S6 that produces
the exotic diffeomorphism σ is linear). Then the G-action induces a G-action on the homotopy sphere Σn+1
αˆ
= Dn+1 ∪αˆ
Dn+1; and there is rich literature [9,10,21,22] concerning the relative size of G compared to n; if dimG is too big, then
Σn+1
αˆ
must be standard and therefore αˆ is isotopic to the identity. For example [9], if n  40, and dimG > (n + 1)2/8 + 1,
then αˆ must be isotopic to the identity. Modern literature has much more precise results, which among other results roughly
quantiﬁes the notion of exoticity: a homotopy sphere is very exotic if it does not bound a parallelizable manifold. We have
([22], Theorem B) that if dimG  32 (n + 3) then Σn+1αˆ cannot be very exotic. Let us remark that Σn+1αˆ being exotic has a
direct translation in terms of the glueing diffeomorphism αˆ: it means that it is not isotopic to the identity; however, the
authors are unaware of any characterization of “very exotic” in terms of the glueing diffeomorphism.
The constructions related to the Blakers–Massey element, and the exotic diffeomorphisms and involutions, suggests that
there exists an “algebra of exoticity”, which is yet to be described. We want to remark that all of these constructions can
be generalized by substituting all the quaternions involved by Cayley numbers and modifying the relevant dimensions.
However, this passage involves non-trivial modiﬁcations of the techniques in the proofs. The unit quaternions are a group,
and thus the equivariance properties make sense; the unit Cayley numbers are not a group and what is the right extension
of Theorem 1.1 and its applications remains to be seen.
It would also be interesting to follow the known, non-equivariant homotopies of the respective powers of the Blakers–
Massey element and the identity in SU(3), G2 and SO(7) and study the associated reentrance self-maps of M , which at some
point must cease to be diffeomorphisms and determine the structure of the singularities that appear, which could shed
some light in the general question of what makes a diffeomorphism exotic, or, better, how does one detect the exoticity of
a degree one diffeomorphism that is given by a formula.
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